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A Banach space, X , is said to have the approximation property if for every compact
set K ⊆ X and every ε > 0 there is a finite rank operator T on X such that ‖Tx− x‖ < ε
for every x in K. The approximation property is weaker than the notion of a Schauder
basis. Classical Banach spaces have Schauder bases but it was shown by Enflo [E] that
there are spaces which do not have the approximation property. A shorter construction of
such spaces was given by Davie [D1], [D2], see also [L & T1], Theorem 2.d.3.
A Banach space, X , is said to have the compact approximation property if for every
compact set K ⊆ X and every ε > 0 there is a compact operator T on X such that
‖Tx − x‖ < ε for every x in K. A finite rank operator is compact and so the compact
approximation property is formally weaker than the approximation property. Known ex-
amples leave open the possibility that these two properties are equivalent. Indeed, many of
the spaces which do not have the approximation property are known to also not have the
compact approximation property, see [L & T1] p.94 and [L & T2] Theorem 1.g.4. However,
the following construction produces spaces which have the compact approximation prop-
erty while not having the approximation property, thus showing that the two properties
are not equivalent.
The construction is based on an argument due to Grothendieck [G] which shows that
X has the approximation property if and only if for every Banach space Y , every compact
operator T : Y → X and every ε > 0 there is a finite rank F : Y → Xwith ‖T − F‖ < ε.
We shall follow the exposition given in [L & T1], Theorem 1.e.4.
Let X be a Banach space which does not have the approximation property. Then
there is a compact set K ⊆ X such that the identity operator cannot be approximated on
K by finite rank operators. By a theorem of Grothendieck, see [L & T1], Proposition 1.e.2,
it may be supposed that K = conv{xn}
∞
n=1 where ‖xn‖ ≤ 1 for all n and ‖xn‖ decreases
to zero.
For each t between 0 and 1, put Ut = conv{±xn/‖xn‖
t}∞n=1. Then Ut is a compact,
convex, symmetric subset of X . Let Yt be the linear span of Ut and define a norm on Yt
2
by |||x|||t = inf{|λ| : λ
−1 x ∈ Ut}, x ∈ Yt. It may be checked that (Yt, ||| · |||t) is a Banach
space with unit ball Ut. If s < t, then Us ⊆ Ut and so Ys ⊆ Yt and all spaces are contained
in X . Denote the inclusion map of Yt into X by Lt. Then Lt is compact and has norm at
most one. It is shown in [L & T1], Theorem 1.e.4, that the operator L 1
2
: Y 1
2
→ X cannot
be approximated by finite rank operators.
The space to be constructed will be a space of functions on (0, 1) with values in X .
For each (s, t) ⊆ (0, 1) and y in Ys, yX(s,t) is such a function, where yX(s,t) denotes the
map
r 7→
{
y , if r ∈ (s, t)
0 , otherwise .
Let Z be the linear span of {yX(s,t) : 0 < s < t < 1 ; y ∈ Ys}. Note that if f belongs to
Z, then f(r) is in Yr for all r. Hence we may define a norm on Z by
‖f‖ =
∫ 1
0
|||f(r)|||r dr , (f ∈ Z) .
Now let Z be the completion of Z with respect to this norm.
Proposition 1. Z does not have the approximation property.
Proof. Define a map R : Y 1
2
→ Z by
(1) R(y) = 2yX( 1
2
,1) , (y ∈ Y 1
2
) .
Then
‖Rxn‖ = 2
∫ 1
1
2
|||xn|||r dr
≤ 2
∫ 1
1
2
‖xn‖
r dr , because |||xn|||r ≤ ‖xn‖
r ,
< 2 ‖xn‖
1
2 /
∣∣ ln ‖xn‖ ∣∣ .(2)
Since ‖xn‖ → 0 as n → ∞, it follows that ‖R(xn/‖xn‖
1
2 )‖ → 0 as n → ∞, whence RU 1
2
is a totally bounded subset of Z. Since U 1
2
is the unit ball in Y 1
2
it follows that R is a
compact operator.
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Now define a map J : Z → X by
(3) J(f) =
∫ 1
0
f(r) dr , (f ∈ Z) ,
where the integral may be defined in the obvious way if f is in Z and this definition extends
to all of Z by continuity. Then JR = L 1
2
and L 1
2
cannot be approximated by finite rank
operators. It follows that R cannot be approximated by finite ranks. Therefore, by [L &
T1] Theorem 1.e.4, Z does not have the approximation property.♠
Proposition 2. Z does have the compact approximation property.
Proof. For each r in (0, 1) define the operator which shifts by r, Sr, on Z as follows: first,
for (s, t) ⊆ (0, 1) and y in Ts, define Sr(yX(s,t)) = yX(s+r,t+r); next extend Sr to Z by
linearity; and then, since Sr is clearly a contraction mapping, extend to Z by continuity.
As already mentioned, ‖Sr‖ ≤ 1 for each r. Furthermore, it may easily be checked that
the function r 7→ Sr f is norm continuous, and ‖Sr f − f‖ → 0 as r → 0 for each f in Z.
However, Sr is not a compact operator.
To obtain compact operators on Z which approximate the identity define, for each n,
Tn : Z → Z, by
(4) Tn f = n
∫ 1/n
0
Sr f dr , (f ∈ Z) .
The integral exists because r 7→ Sr f is norm continuous and ‖Tn‖ ≤ 1. Since the operators
Sr approximate the identity as r approaches zero, it follows that ‖Tn f−f‖ → 0 as n→∞
for each f in Z. Hence, since ‖Tn‖ ≤ 1 for every n, Tn approximates the identity operator
on a given compact set when n is sufficiently large.
We shall see that Tn is compact for each n by showing that Tn Z
(1) is totally bounded,
where Z(1) denotes the unit ball in Z. First note that the functions of the form
p∑
i=1
λi(ti − si)
−1 yi X(si,ti)
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(where: s1 < t1 < s2 < t2 < . . . < sp < tp; yi ∈ Ysi , |||yi|||si ≤ 1; and
∑p
i=1 |λi| = 1) are
dense in Z(1). Hence, it will suffice to show that Tn{(t− s)
−1 yX(s,t) : s < t ; y ∈ Us} is
totally bounded. Next, since the unit ball in Ys is conv{±xm/‖xm‖
s}∞m=1, it will suffice
to show that
Tn {(t− s)
−1 ‖xm‖
−s xm X(s,t) : s < t ; m = 1, 2, 3, . . .}
is totally bounded.
For each s and t with s < t we have that xm belongs to Ys for each m and
Tn(xm X(s,t)) = xm h ,
where h = n
∫ 1/n
0
X(s+r,t+r) dr.
For functions, f and g, in L1(0, 1), let f ∗ g denote the usual convolution product
of f and g restricted to (0, 1). Then h = X(s,t) ∗ (nX(0,1/n)). It follows that for each f
in L1(0, 1), Tn(xm f) = xm(f ∗ (nX(0,1/n))). Now it is well known, and may easily be
checked, that the map f 7→ f ∗ (nX(0,1/n)) is a compact operator on L
1(0, 1). Hence for
each m the set Tn{(t− s)
−1 ‖xm‖
−s xm X(s,t) : s < t} is totally bounded. Furthermore,
‖Tn(xm X(s,t))‖ = n
∫ 1
0
|||xm|||r
∣∣X(s,t) ∗ X(0,1/n)(r)∣∣ dr(5)
≤ n
∫ t+1/n
s
‖xm‖
r(t− s) dr
< n(t− s) ‖xm‖
s/
∣∣ln ‖xm‖ ∣∣ .
Hence, for each ε > 0, ‖Tn
(
(t − s)−1 ‖xm‖
−s xm X(s,t)
)
‖ < ε whenever ‖xm‖ < e
−n/ε.
Since ‖xm‖ → 0 as m→∞, this is so for all m sufficiently large. It follows that
Tn {(t− s)
−1 ‖xm‖
−s xm X(s,t) : s < t ; m = 1, 2, 3, . . .}
is totally bounded as required. Therefore {Tn}
∞
n=1 is a sequence of compact operators on
Z such that ‖Tn z − z‖ → 0 as n→∞ for every z in Z.♠
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We have in fact shown by the above argument that the identity operator on Z can
be approximated, in the topology of uniform convergence on compact sets, by compact
operators of norm at most one, that is, that Z has the metric compact approximation
property.
The existence of a space with the compact approximation property but not the approx-
imation property raises questions as to whether results relating various stronger versions
of the approximation property, see section 1.e of [L & T1], have analogues for the compact
approximation property. Some of these questions can be answered if there is a reflexive
space with the compact approximation property but not the approximation property, [C].
For instance, see [G & W], Example 4.3, where the reflexive example constructed below
is used to answer a question which arises in that paper and also in [S]. Now Z is not re-
flexive because the set x1L
1[0, 1] is a closed subspace of Z which is isomorphic to L1[0, 1].
However, the construction of Z may be modified to produce a reflexive space as follows.
As before, let X be a Banach space which does not have the approximation property
but now suppose that X is a closed subspace of ℓp for some 2 < p < ∞. This value of p
will remain fixed throughout the construction. Set q = p
p−1
, so that q is the conjugate of
p. See [L & T1] Theorem 2.d.6 for a proof that ℓp has such subspaces.
Let {xn}
∞
n=1 be a sequence in X such that: ‖xn‖ ≤ 1 for all n; ‖xn‖ decreases to
zero; and the identity operator cannot be approximated on conv{xn}
∞
n=1 by finite rank
operators. Choose integers n1 < n2 < n3 < . . . such that ‖xn‖ < (
1
2
)k whenever n > nk
and define, for k = 1, 2, 3, . . . ,
Xk = span{xn : n ≤ nk} .
Next define, for each t between 0 and 1,
Vt =
{ ∞∑
k=1
αk ak/‖ak‖
t : ak ∈ Xk , ‖ak‖ ≤ (
1
2
)k−1 ;
∞∑
k=1
|αk|
p ≤ 1
}
.
The properties of the sets Vt which we will need are given in the following
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Lemma 1. Let X be a Banach space, X1, X2, X3, . . . be finite dimensional subspaces of
X , and r1, r2, r3, . . . be positive numbers such that
∑
∞
n=1 r
q
n <∞. Define
V =
{ ∞∑
k=1
αk xk : xk ∈ Xk , ‖xk‖ ≤ rk ,
∞∑
k=1
|αk|
p ≤ 1
}
.
Then V is a compact, convex, symmetric subset of X .
Let W be the linear subspace of X spanned by V and define |||w||| =
inf{λ > 0 : λ−1w ∈ V }, (w ∈ W ). Then (W, ||| · |||) is a Banach space. The map
Q : (
⊕
∞
k=1 Xk)ℓp → W defined by
Q(x1, x2, . . .) =
∞∑
k=1
rk xk
is a quotient map.
Proof. It is clear that V is symmetric and it is compact because, as may be shown
by a diagonal argument, every sequence in V has a convergent subsequence. Let x =∑
∞
k=1 αk xk and y =
∑
∞
k=1 βk yk be in V . Then
1
2
(x+ y) =
∞∑
k=1
1
2
(αk xk + βk yk)
=
∞∑
k=1
γk zk ,
where γk =
1
2 (|αk| + |βk|), zk belongs to Xk and ‖zk‖ ≤ rk. Since
∑
∞
k=1 |γk|
p ≤∑
∞
k=1
1
2
(|αk|
p + |βk|
p) ≤ 1, it follows that V is convex. These properties of V imply
that (W, ||| · |||) is a Banach space.
It is clear from the definition of V that Q maps the unit ball of (
⊕
∞
k=1 Xk)ℓp onto V ,
which is the unit ball of W . Therefore Q is a quotient map.♠
Let Wt denote the space spanned by Vt and normed so that Vt is its unit ball. Denote
the norm on Wt by ||| · |||t. Then Ws ⊂Wt if s < t. Denote by Qt the quotient map from
(
⊕
∞
k=1 Xk)ℓp to Wt defined by
Qt x =
∞∑
k=1
(
1
2
)(1−t)(k−1) xk ,
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where x = (x1, x2, . . .). We will require the following.
Lemma 2. For each s in (0, 1) and x in (
⊕
∞
k=1 Xk)ℓp ,
lim
t→s+
|||Qt x−Qs x|||t = 0 .
Proof. It is clear that the limit is zero if x is supported in only finitely many of the Xk’s
and that the set of finitely supported vectors is dense in (
⊕
∞
k=1 Xk)ℓp . The result follows
because ‖Qt‖ = 1 for each t.♠
Let Z♯ be the linear span of {wX(s,t) : 0 < s < t < 1;w ∈ Ws}. As in the previous
construction, Z♯ is a space of functions, f : (0, 1) → X , such that f(t) belongs to Wt for
each t. Define a norm on Z♯ by
‖f‖ =
( ∫ 1
0
|||f(r)|||
p
r dr
) 1
p , (f ∈ Z♯) .
Let Z♯ denote the completion of Z♯ with respect to this norm.
We will show that Z♯ has the required properties. In the proofs of these properties,
A will denote the set of all functions of the form
(6)
ℓ∑
i=1
λi(ti − si)
−1/pwi X(si,ti) ,
where: s1 < t1 < s2 < t2 < . . . < sℓ < tℓ; wi ∈ Wsi , |||wi|||si ≤ 1; and
∑ℓ
i=1 |λi|
p = 1.
Clearly A is dense in the unit ball of Z♯.
Proposition 3. Z♯ is a quotient of a closed subspace of Lp(0, 1). In particular, Z♯ is
reflexive.
Proof. Let Xk, k = 1, 2, 3, . . . be the subspaces of ℓ
p defined above. Then (
⊕
∞
k=1 Xk)ℓp
is a subspace of (
⊕
∞
k=1 ℓ
p)ℓp . It follows that L
p
(
(0, 1) , (
⊕
∞
k=1 Xk)ℓp
)
is isometric to a
subspace of Lp(0, 1). We will show that Z♯ is a quotient of this space.
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The quotient map Q : Lp
(
(0, 1) , (
⊕
∞
k=1 Xk)ℓp
)
→ Z♯ will be defined first of all on
simple functions from (0, 1) to (
⊕
∞
k=1 Xk)ℓp . Let f be such a function and put
(7) (Qf)(t) = Qt(f (t)) , (0 < t < 1) .
Then (Qf)(t) belongs toWt for each t and it follows from Lemma 2 that there are functions
fn, n = 1, 2, 3, . . . in span{wX(s,t) : 0 < s < t < 1 ; w ∈Ws} such that
lim
n→∞
(
∫ 1
0
|||(Qf)(r)− fn(r)|||
p
r dr)
1
p = 0 .
It follows that: {fn}
∞
n=1 is a Cauchy sequence in Z
♯; Qf may be identified with the limit
of this sequence; and
‖Qf‖ = (
∫ 1
0
|||(Qf)(r)|||
p
r dr)
1
p
= (
∫ 1
0
|||Qr(f(r))|||
p
r dr)
1
p .
Since ‖Qr‖ ≤ 1 for each r, ‖Q‖ ≤ 1. Since the simple functions are dense, Q extends by
continuity to be a norm one operator from Lp
(
(0, 1) , (
⊕
∞
k=1 Xk)ℓp
)
to Z♯. The equation
(7) will hold for every f in Lp
(
(0, 1) , (
⊕
∞
k=1 Xk)ℓp
)
and almost every t in (0, 1).
Now let f =
∑ℓ
i=1 λi(ti − si)
−1/p wi X(si,ti) be in A, where wi =
∑
∞
k=1 αk ak/‖ak‖
si
belongs to Vsi for each i. For each si ≤ t ≤ ti, put
w
(t)
i = (α1 a1/‖a1‖
si , . . . , αk (
1
2
)(t−1)(k−1)ak/‖ak‖
si , . . .)
in (
⊕
∞
k=1 Xk)ℓp . Then ‖w
(t)
i ‖ ≤
(∑
∞
k=1 |αk|
p ( 12)
p(t−si)(k−1)
) 1
p ≤ 1 and Qt(w
(t)
i ) = wi
for each si ≤ t ≤ ti. Hence, if we define
f(t) =
ℓ∑
i=1
λi(ti − si)
−1/pw
(t)
i X(si,ti)(t) , (0 < t < 1) ,
then ‖f‖ ≤ 1 and Qf = f . Therefore Q maps the unit ball of Lp
(
(0, 1) , (
⊕
∞
k=1 Xk)ℓp
)
onto the unit ball of Z♯ and so Q is a quotient map.♠
Since Lp(0, 1) is uniformly convex, Lp
(
(0, 1) , (
⊕
∞
k=1 Xk)ℓp
)
is uniformly convex and
so it follows, by [Da] Theorem 5.5, that Z♯ is also uniformly convex. This theorem of Day
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may also be deduced from the duality between uniform convexity and uniform smoothness,
(see [L & T2], Proposition 1.e.2).
Proposition 4. Z♯ has the metric compact approximation property but does not have
the approximation property.
Proof. The same argument as showed that Z does not have the approximation property
also shows that Z♯ does not have this property. It is immediate from the definitions of these
sets that U 1
2
⊆ V 1
2
and so Y 1
2
is contained inW 1
2
and the embedding is a contraction. Hence
maps R♯ : Y 1
2
→ Z♯ and J ♯ : Z♯ → X are defined by equations (1) and (3) respectively
and an estimate similar to (2) shows that R♯ is compact. These new maps also satisfy that
J ♯R♯ = L 1
2
and so Z♯ does not have the approximation property.
Shift operators S♯r : Z
♯ → Z♯ may be defined for each r between 0 and 1 just as they
were on Z and then used to define operators T ♯n : Z
♯ → Z♯ for n = 1, 2, 3, . . . by an equation
similar to (4). The same argument as used in Proposition 2 shows that these operators
have norm at most one and that {T ♯n}
∞
n=1 converges to the identity operator uniformly on
compact subsets of Z♯. However, to show that T ♯n is compact for each n requires a slightly
different argument to that used in Proposition 2. It suffices to show that T ♯nA is totally
bounded.
For each positive integer m define the subset, V
(m)
s , of Vs by
V (m)s =
{ ∞∑
k=m
αk ak/‖ak‖
s : ak ∈ Xk , ‖ak‖ ≤ (
1
2
)k−1 ;
∞∑
k=m
|αk|
p ≤ 1
}
.
Let w =
∑
∞
k=m αk ak/‖ak‖
s be in V
(m)
s and suppose that |||w|||s = 1. Then, for r > s,
|||w|||r = |||
∞∑
k=m
αk ‖ak‖
r−s ak/‖ak‖
r |||r
≤
( ∞∑
k=m
|αk ‖ak‖
r−s |p
) 1
p
≤ (
1
2
)(m−1)(r−s) .
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Corresponding to the estimate in (5) we now have
‖T ♯n(wX(s,t))‖ ≤ n(t− s)
(∫ t+1/n
s
|||w|||
p
r dr
) 1
p
(8)
< n(t− s)(m− 1)−
1
p .
Next, for each positive integer m denote by B(m) the subset of A consisting of all functions
of the form (6) where wi belongs to V
(m)
s for each i and by C(m) the subset of A consisting
of functions where wi belongs to the finite dimensional space span{xn : n ≤ nm−1} =
Xm−1. For a general w in Vs, w =
∑m−1
k=1 αk ak/‖ak‖
s + w′, where w′ is in V
(m)
s and∑m−1
k=1 αk ak/‖ak‖
s belongs to the unit ball of Xm−1. It follows that A ⊆ B
(m) + C(m).
For each ξ in B(m) we have, by (6) and (8),
‖T ♯n ξ‖ ≤ n(m− 1)
−
1
p
ℓ∑
i=1
|λi| |ti − si|
1− 1
p
≤ n(m− 1)−
1
p ,
because
∑ℓ
i=1 |λi|
p = 1 and
∑ℓ
i=1 |ti− si| ≤ 1. If, given ε > 0, we choose m > 1+ (n/ε)
p,
then it follows that ‖T ♯n f‖ < ε for every f in B
(m). Also, since the map f 7→ nf ∗ X(0,1/n)
is a compact operator on Lp(0, 1), T ♯n C
(m) is totally bounded for each m. Therefore T ♯nA
is totally bounded and so T ♯n is a compact operator.♠
It may also be shown that, for 1 < p < 2, there are quotients of subspaces of Lp(0, 1)
which have the metric compact approximation property but not the approximation prop-
erty. This may be shown by choosing a subspace, X , of ℓp which does not have the
approximation property, such spaces have been shown to exist by Szankowski, see [Sz] or
[L&T2], theorem 1.g.4, and then repeating the above construction. Alternatively, the dual
of the above example has the required properties. I am grateful to Professor T. Figiel for
this remark and also for some other suggestions which shortened some proofs and improved
Proposition 3.
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